A nonlinear Fokker-Planck equation exhibiting bifurcation phenomena is proposed within the framework of generalized thermostatistics. The nonlinearity responsible for the occurrence of bifurcation of solutions is assumed to be of the form appearing in the standard mean field model. A Liapunov function is defined that takes the form of free energy involving generalized entropies of Tsallis and an H-theorem is proved to show that the free energy, which is bounded below, continues to decrease until the system approaches one of the equilibrium distributions. The H-theorem ensures, instead of uniqueness of the equilibrium distribution, global stability of the system in that either one of multisolutions must be approached for large times. Local stability analysis is conducted and the second-order variation of the Liapunov function is computed to find its relevant part whose sign governs stability of the equilibrium distribution of the system. The case with a bistable potential is investigated, as an example of confirming the theory, to give the bifurcation diagram displaying the order parameter as a function of the coefficient of the nonlinear diffusion term.
I. INTRODUCTION
Tsallis developed generalized thermostatistics [1] [2] [3] using generalized nonextensive entropies 4 -10 which are obtained by extending the well-known Boltzmann entropy. Equilibrium properties of the novel thermostatistics have extensively been studied by a number of researchers to understand similarity as well as dissimilarity between the standard Boltzmann statistics and the generalized one. 11 A characteristic feature of the generalized thermostatistics is a power-law type equilibrium probability distribution that is derived from the maximum entropy principle with a certain constraint of internal energy. [1] [2] [3] One may, however, expect that an equilibrium distribution should be derived, as a fixed point type solution, from a certain dynamical evolution equation of a time-dependent probability distribution such as a master equation of a Markovian dynamics. Several authors have studied nonlinear Fokker-Planck equations that are related to generalized thermostatistics. [12] [13] [14] [15] [16] [17] [18] [19] [20] 
͑1͒
and showed that it exhibits an equilibrium solution taking the form of Tsallis equilibrium distribution of the so-called first choice 1 where ␤ is determined by the normalization condition. In the absence of the drift term in Eq. ͑1͒ with (x)ϭconst there exists no equilibrium distribution and one has nonlinear diffusion, which was studied by several authors in connection with diffusion in porous media. [21] [22] [23] [24] [25] In the case where the potential (x) is quadratic, the nonlinear Fokker-Planck equation ͑NFPE͒ was shown to be solved for its temporal solution in a rigorous way. 12, 15, 16 A phenomenological derivation of the NFPE itself was given in Refs. 13 and 14, where the author considered a stochastic differential equation with a self-reference type feedback representing the nonlinear diffusion term.
While the Tsallis equilibrium distribution was shown to satisfy the NFPE, its stability and uniqueness has been another problem. The relationship between the NFPE and the generalized entropy is also of interest and worth studying.
In the case of linear Fokker-Planck equations, which appear as master equations for stochastic systems with Markovian dynamics, stability and uniqueness of their equilibrium solutions is known to be ensured by the so-called H-theorems. 26 -30 Liapunov functions as the H-functions can be chosen as closely related to the free energy of a system 31 and also to the conventional Kullback-Leibler divergence 26 -30,32 or generalized Kullback-Leibler divergences. 31, [33] [34] [35] [36] [37] [38] [39] Recently I have tackled the above-mentioned kind of problems with the NFPE to provide a dynamics-level linkage of the generalized entropy to the NFPE together with knowledge of the asymptotic approach of temporal solutions of the NFPE to its equilibrium solution. 18 Constructing a Lyapunov functional that takes the form of a free energy based on the generalized entropy,
͑3͒
I showed that an H-theorem holds for the NFPE ͑1͒:
which ensures stability and uniqueness of its equilibrium solution. Such convergence property with an H-theorem is not specific to the system described by the above-mentioned NFPE ͑1͒. A NFPE with a nonlocal time-dependent nonlinear diffusion coefficient,
which allows for an equilibrium solution corresponding to another type of equilibrium distribution of Tsallis thermostatistics ͑the escort probability distribution of the so-called third version 3 ͒,
also exhibits similar convergence properties based on an H-theorem, when the modified generalized entropy
is considered. 18 The above-mentioned entropy is a special case of the Sharma and Mittal entropy. 6 H-theorems for a little more general types of NFPEs related to generalized thermostatistics including Eq. ͑1͒ have recently been studied by Frank and Daffertshofer.
The above-mentioned results indicate that although the time evolution equations ͑1͒ and ͑5͒ are nonlinear, there occurs no bifurcation of solutions with change in parameters characterizing the system. This situation is in sharp contrast to the case of NFPE for a mean field model, where one deals with another type of NFPE that is derived, in the thermodynamic limit, for a coupled Langevin equation system. [40] [41] [42] The simplest NFPE exhibiting bifurcation phenomena reads [40] [41] [42] ‫ץ‬p ‫ץ‬t ϭϪ ‫ץ‬ ‫ץ‬x ͫͩ xϪx
Such mean field type of NFPE has attracted much attention from researchers in a number of areas of physical science, since it is quite convenient to observe the effect of noise on a variety of cooperative phenomena of coupled systems and to systematically study equilibrium as well as nonequilibrium phase transitions. The NFPE ͑8͒ with a double well potential (x)ϭϪ(x 2 /2) ϩ(x 4 /4) can describe ferro-para magnetic phase transitions of mean field type. [40] [41] [42] [43] NFPEs corresponding to mean field coupled limit cycle 44 or phase oscillator systems [45] [46] [47] [48] have been studied by several authors from the viewpoint of synchronization-desynchronization transitions due to noise and of neural network theory. An NFPE for chaotic systems has been recently studied in the light of control of chaos with noise. 49 The problem of phase transitions within the framework of Tsallis thermostatistics will be of interest, but it has been far less studied. 50 The purpose of this paper is to study the occurrence of bifurcations for NFPEs that are related to Tsallis thermostatistics. To this end I propose a double nonlinear Fokker-Planck equation that is obtained by introducing such a mean field type nonlinear term as considered in Eq. ͑8͒ into the NFPE ͑1͒ and investigate the issue of convergence to equilibrium solutions together with their global and local stability.
After describing the model in Sec. II, I show in Sec. III that a Liapunov function for our double NFPE can be defined so that it takes the form of free energy involving generalized entropies of Tsallis. I prove an H-theorem to show that the free energy, which is bounded below, continues to decrease until the system approaches one of the equilibrium distributions. The H-theorem ensures, instead of uniqueness of the equilibrium distribution, global stability of the system in that either one of multisolutions must be approached for large times. In Sec. IV local stability analysis is conducted and the second-order variation of the Liapunov function is computed to find its relevant part whose sign governs stability of the equilibrium distribution of the system. As an example of confirming the theory, I investigate the case with a bistable potential to give the bifurcation diagram displaying the order parameter as a function of the coefficient of the nonlinear diffusion term. In Sec. V I present a summary and discussion.
II. MODEL
We consider a double nonlinear Fokker-Planck equation of the following form:
which is obtained by introducing, into the drift coefficient of the NFPE ͑1͒, a term representing nonlocal feedback from the entire system in terms of the average of the state variable x. Here ͑a real number͒ controls the magnitude of the feedback, and q is a real number, D a positive constant, and A(x) in the drift coefficient an arbitrary function with potential (x):
The symbol I in the integral denotes the region where non-negative valued p(t,x) is defined. Since the equation with ϭ0 itself is already a nonlinear one, we will refer to the abovementioned nonlinear Fokker Planck equation as double nonlinear Fokker-Planck equation ͑DNFPE͒.
Since introducing the probability current j,
one can rewrite our DNFPE in the form of the continuity equation. The conservation law of probability holds:
under the boundary condition that the probability current j vanishes at the boundary of I. For the sake of simplicity, in this article we consider the case of IϭR 1 ϵ(Ϫϱ,ϱ) to choose the natural boundary condition:
Since ‫ץ‬p/‫ץ‬tϭ0 implies jϭ0, one has
where ͑ x ͒ϭ͑ x ͒Ϫx ͵ I xP eq dx and the integration constant is set to be (Dq␤) Ϫ1 . Accordingly, the equilibrium distribution for the DNFPE ͑9͒ can be formally obtained as
where ␤ will be determined by normalization of P eq (x). For the purpose of studying phenomena of spontaneous symmetry breaking, it will suffice to suppose the potential to take the form of double well type such as ϭax 2 ϩbx 4 (aϽ0,b Ͼ0). When (x)→ϱ as ͉x͉→ϱ, Eq. ͑14͒ implies 0ϽqϽ1 and hence P eq →0(͉x͉→ϱ). Assuming that 0ϽqϽ1 and (x)Ϸ͉x͉ m with mϾ0 (͉x͉→ϱ), one also has
In what follows we deal with the case with 0ϽqϽ1, where the natural boundary condition ͑12͒ makes sense, and assume the existence of the integrals ͐ p dx and ͐ p q dx, where the integrals are meant to be performed over the real line IϭR 1 ϵ(Ϫϱ,ϱ) and hereafter the I will be omitted. For pϭ P eq and (x)Ϸ͉x͉ m ͑for large ͉x͉͒, the condition of such integrability becomes 1/(mϩ1)Ͻq Ͻ1.
Since the expression for the equilibrium distribution P eq contains P eq itself, the problem of approach to the equilibrium distribution is not trivial. This issue can be more clearly seen in the study of nonlinear stability analysis of the solutions.
III. H-THEOREM
We define a Liapunov functional taking the form of a free energy based on Tsallis entropy as
where the energy U represents the first two terms on the right-hand side of the first line:
and the entropy S is the nonextensive one given within Tsallis thermostatistics:
With this Liapunov functional taken as the H-functional we can show an H-theorem for the DNFPE ͑9͒. H-theorem: Let 0ϽqϽ1. Let p(t,x) satisfy the DNFPE ͑9͒. Then we have ͑1͒ the free energy F(p(t,•)) is bounded from below:
is decreasing with time:
Proof of (1) : In the case with р0, it immediately follows from Eqs. ͑15͒ and ͑16͒ that
Note that as was studied in Ref. 18 the free energy F (ϭ0) (p(•)) with 0ϽqϽ1 is bounded from below:
where P eq (•;ϭ0) is given by the equilibrium distribution ͑2͒. Accordingly one has
to confirm Eq. ͑18͒.
To deal with the case with Ͼ0 putting
we first note that one can define the normalized positive-valued function R p (t,x) as 
where we have assumed, for simplicity, that the minimum of (x) is negative to make ␤ 0 of the latter positive. Note that in general ␤ 0 in Eq. ͑24͒ may be determined to take a negative value. The R p turns out to satisfy
To prove inequality ͑18͒ with Ͼ0, using ͑24͒ we rewrite
͑26͒
Since for 0ϽqϽ1,
with yϵp/R p and equality being given only by yϭ1, we have
and hence
where we have defined L as a function of ͗x͘ p as
We will show that L is bounded from below. To this end, we differentiate L with respect to
where we have defined
with hϭ͗x͘ p .
Here we note that the above-defined F (D,h) turns out to be the free energy function 18 corresponding to the equilibrium distribution ͑2͒ with (x) being replaced by (x)Ϫhx and ␤ ϭ␤ 0 , which the R p ͑24͒ with hϭ͗x͘ p coincides with. Then it follows that
together with
which exhibit the Legendre transform structure of the Tsallis thermostatistics of the first choice, and can be confirmed by straightforward calculations. In Eq. ͑33͒ we have written R D,h instead of R p to emphasize the h-dependence of R in Eq. ͑24͒ with hϭ͗x͘ p . Furthermore, ‫ץ‬F /‫ץ‬h has the following properties:
͑B͒ If (x) increases faster than (x)ϰx 2 when ͉x͉→ϱ, then
The proof is given in the appendices. Applying Eq. ͑36͒ to Eq. ͑31͒ one has dL(h)/dhϾ0 ͑for large h͒ and dL(h)/dhϽ0 ͑for large Ϫh͒ when Ͼ0.
This implies that L(h) can exhibit its minimum at a certain h satisfying dL(h )/dhϭ0 to have a lower bound: L(h)уL(h ), which together with Eq. ͑29͒ shows that F(p(•)) is bounded from below.
Proof of (2): To prove the second inequality ͑19͒ we differentiate F(p(t,•)) with respect to t. Using Eq. ͑9͒ one obtains
where integration by parts has been used in the last line. 
Then it follows that
р0. ͑40͒
This concludes the proof. We see that equality is implied by
Since F(p(t,•)) is decreasing with time and is bounded from below, dF/dtϭ0 is attained when t→ϱ, and then p must satisfy Eq. ͑41͒:
where we have set cϭ0, because the R p is already normalized ͓see Eq. ͑24͔͒. This means that the distribution p ϱ that is approached for large times takes the form of the equilibrium distribution ͑14͒ of the DNFPE ͑9͒:
where the value of ␤ and the order parameter ͗x͘ p ϱ should be determined simultaneously by the normalization condition and the self-consistent equation
͑44͒
We note that since conservation of probability holds for the DNFPE ͑9͒, the p ϱ (x) in ͑43͒ should be normalizable. Although our system allows for the H-theorem, unlike the case with ϭ0 we can no longer expect uniqueness of the equilibrium distribution p ϱ (x) in the case with Ͼ0, where the self-consistent equations, in general, admit multisolutions ͑m,␤͒ with m ϭ͗x͘ p ϱ . This arises from the fact that R p (x) appearing in Eq. ͑40͒ is not a fixed function such as an equilibrium distribution, but does depend on the time-dependent probability distribution p(t,x) ͓see Eq. ͑24͔͒. Which of those multisolutions are relevant has to be determined by the stability condition. In other words, there may occur bifurcation phenomena involving stability switches, as the control parameter D varies. This situation is reminiscent of the mean field model of phase transitions that is described by the NFPE ͑8͒. [40] [41] [42] It is noted that owing to the expression of the free energy ͑15͒ together with the thermodynamic relation ͑34͒ the parameter D can be viewed as playing the role of temperature of Boltzmann-Gibbs statistics.
IV. LOCAL STABILITY ANALYSIS
To conduct local stability analysis we follow the procedure developed previously by the author 40 
Let P eq be one of the probability distributions satisfying Eq. ͑43͒ for p ϱ . The first-order variation ␦F
(1) ͉ eq evaluated at pϭ P eq turns out to vanish because of Eqs. ͑42͒ and ͑46͒. Differentiating ␦F again with respect to p one has
͑49͒
which follows from Eq. ͑24͒, one obtains
͑50͒
Putting pϭ P eq leads to the second-order variation ␦F (2) ͉ eq evaluated at the equilibrium point:
which will be used to determine stability of the equilibrium point. Assuming (x)L 2 ͑class of square integrable functions͒ we put ␦pϭP eq ͑ 2Ϫq ͒/2 ͑x ͒. ͑52͒
We further assume that
where Ќ is the subspace of L 2 perpendicular to the subspace spanned by P eq ͑ 2Ϫq ͒/2 and xP eq ͑ 2Ϫq ͒/2 , we compute the second-order variation ␦F (2) ͉ eq . Substituting Eq. ͑52͒ into Eq. ͑51͒ yields
Noting that Eq. ͑46͒ gives 0ϭ ͵ ␦p dxϭ␣I 0 ϩ␥I 1 ,
͑57͒
one has from Eq. ͑55͒
͑58͒
It follows from Schwartz's inequality that
Accordingly the stability condition ␦F 
͑61͒
This condition can also be derived from another kind of analysis based on the graphical representation 40 of the equation determining the order parameter of the system ͓see Eq. ͑44͔͒:
where we put mϵ͗x͘ p ϱ . If the potential (x) is symmetric, i.e., (x)ϭ(Ϫx), mϭ0 turns out to be a solution of the above-mentioned equations. The onset of instability of the mϭ0 solution is given by the tangency condition at mϭ0 for the curve representing the right-hand side of Eq. ͑62͒ as a function of m. In general, the tangency condition at arbitrary m reads
which is obtained by differentiating Eq. ͑62͒ with respect to m. Differentiating Eq. ͑63͒ with respect to m yields
where the m dependence of p ϱ is expressed as p ϱ m . Substituting this into Eq. ͑64͒ one immediately obtains
͑66͒
This is exactly the same as Eq. ͑61͒ with P eq ϭ p ϱ m and DϭD c . We show an example of the occurrence of bifurcations for a bistable system having the potential (x)ϭϪx 2 ϩx 4 . Figure 1 displays the behavior of the right-hand side of Eq. ͑62͒ with ␤ϭ␤(m), that is, the order parameter ͗x͘ p ϱ , plotted as a function of m for three typical values of D and how those ͗x͘ p ϱ curves intersect the straight line representing the left-hand side of Eq. ͑62͒.
Since the potential has symmetry, one always has the intersection at the origin that gives rise to the trivial solution mϭ0. We see the ͗x͘ p ϱ curve for the critical value D c touches the straight line at the origin to satisfy the criticality condition given by Eq. ͑66͒. While for DϾD c the symmetric probability distribution with the order parameter mϭ0 is stable with
it becomes unstable for DϽD c and two symmetrically generated intersection points having m 0 gain stability, because the stability condition ͑60͒ is broken. Note that in this example the symmetric probability distribution with mϭ0 for DϭD c is stable because of the global stability of the system implied by the H-theorem ͓Eqs. ͑18͒ and ͑19͔͒.
We depict in Fig. 2 the bifurcation diagram showing the dependence of the order parameter of the stable branch on the control parameter D together with stability switches between stable and unstable branches. We see as D is decreased from high values passing through the critical value D c a symmetry breaking phenomenon occurs. When the diffusion constant D is viewed as temperature, such behavior is reminiscent of the ferromagnetic phase transition.
V. SUMMARY AND DISCUSSION
We have proposed a double nonlinear Fokker-Planck equation ͑DNFPE͒ ͑9͒ exhibiting bifurcation phenomena within the framework of generalized thermostatistics based on nonextensivetype generalized entropies. The nonlinearity responsible for the occurrence of bifurcations, which is added to the drift term of the previously known nonlinear Fokker-Planck equation of Plastino type, takes the form appearing in the standard mean field model. Our DNFPE exhibits, in general, multisolutions unlike the original NFPE ͑1͒ and then criteria for choosing relevant solutions are required.
To tackle this problem we have proven an H-theorem by constructing a Liapunov function that takes the form of free energy involving generalized entropies of Tsallis. Our H-theorem shows that the free energy, which is bounded below, continues to decrease until the system approaches one of the equilibrium distributions. More precisely, it ensures, instead of uniqueness of the equilibrium distribution, global stability of the system in that either one of the multisolutions must be approached for large times.
Stability of each ergodic component is determined by the local stability analysis in which the second-order variation of the Liapunov function takes positive values. We have computed the second-order variation of the Liapunov function to find its relevant part whose sign governs stability of the equilibrium distribution of the system, and found that the latter can be amenable to graphical analysis used in graphically solving the order parameters.
We have given an example of the systems exhibiting bifurcation phenomena to confirm our theory. We have dealt with the case with a bistable potential and shown the bifurcation diagram displaying the order parameter as a function of the coefficient of the nonlinear diffusion term. The resultant bifurcation is similar to the behavior of the standard mean field model of ferromagnetic phase transitions.
As far as the thermodynamic equilibrium is concerned, the problem of phase transitions for infinite-range Ising ferromagnet was studied in Ref. 50 within generalized thermostatistics. Their treatment allows for energy-constant-dependent physical quantities in the thermodynamic limit, which may come from the use of the so-called second choice 2, 3 of Tsallis thermostatistics, where average of unity is not unity. In our approach the constant term in the potential energy (x) does not matter in the equilibrium distribution ͑35͒ ͓see Eq. ͑33͔͒ to give a standard result.
In this paper we have studied the DNFPE obtained based on the NFPE ͑1͒ exhibiting the equilibrium distribution of the first choice rather than on the NFPE of Eq. ͑5͒ that was recently proposed for the dynamics associated with the third choice of Tsallis thermostatistics. Since both choices of thermostatistics are quite similar to each other if viewed from the NFPEs, 18 we consider that it will suffice to deal with the simplest case as given by the present model to explore the crux of bifurcation phenomena exhibited by the DNFPEs within the framework of generalized thermostatistics.
Although our DNFPE is, to date, not known to have appropriate corresponding N-body Langevin equations or equivalently N-body linear Fokker-Planck equation as considered in the case of the NFPE ͑8͒, this work might help search for possible candidates for models explaining dynamic aspects of mean-field type phase transitions within the framework of Tsallis or generalized thermostatistics.
APPENDIX A

Proof of Eq. (35):
we differentiate it with respect to h to have
͑A2͒
Then using Eq. ͑33͒ one has 
͑B3͒
Note that when D is a given constant, ␤ 0 is determined as a function of D and h and that the partition function Z defined below remains constant as h is varied:
Introducing a change of variable as which together with Eq. ͑B6͒ yields Eq. ͑B3͒ with ϭy*.
Since the case with h→Ϫϱ can be dealt with in the same way, we have Eq. ͑36͒ to conclude the proof.
